1.. Introduction {#s1}
================

Doubly robust methods are designed to mitigate estimation bias due to model misspecification in observational studies and imperfect experiments. Such methods have grown in popularity in recent years for estimation with missing data and other forms of coarsening ([@ASW016C8]; [@ASW016C11]; [@ASW016C13]; [@ASW016C1]; [@ASW016C12]). There exist various constructions of doubly robust estimators for the mean of an outcome that is missing at random; see [@ASW016C5]. In contrast, for data missing not at random, the difficulty of identification undermines one\'s ability to obtain accurate inferences, and doubly robust estimation is far more challenging. Identification of a full data model means that the parameters indexing the model are uniquely determined by the data that are actually observed. Statistical inference based on non-identifiable models may be misleading and of limited interest in practice; see [@ASW016C7]. Under missingness at random, the full data law, i.e., the joint distribution of all variables of interest, is nonparametrically identified from the observed data. However, under missingness not at random, identification is not possible without further restrictions on the missingness process. Although no general identification results are available for data missing not at random, one may identify the full data law under specific assumptions. Building on earlier work by [@ASW016C2], [@ASW016C16] and [@ASW016C18], we have previously used a fully observed shadow variable to establish a general identification framework for data missing not at random, in a 2015 technical report available from the authors. Such a variable is associated with the outcome conditional on covariates, but independent of the missingness conditional on covariates and the outcome ([@ASW016C6]); it may be available in many empirical studies, where a fully observed proxy or a mismeasured version of the outcome is available. For example, in a study of the mental health of children in Connecticut ([@ASW016C17]; [@ASW016C4]), researchers were interested in evaluating the prevalence of students with abnormal psychopathological status based on their teacher\'s assessment, which was subject to missingness. A separate parent report available for all children in the study is a proxy for the teacher\'s assessment, but is unlikely to be related to the teacher\'s response rate conditional on covariates and her assessment of the student; in this case the parental assessment constitutes a valid shadow variable. Other examples can be found in [@ASW016C16].
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Assumption 1 formalizes the idea that the shadow variable only affects the missingness through its association with the outcome. We provide a directed acyclic graph in the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asw016/-/DC1) that can help understand the assumption. The shadow variable introduces additional conditional independence conditions, which impose further restrictions on the missingness process, and thus provides better opportunity for identification under missingness not at random. In the 2015 technical report, we presented a brief review of such problems, and gave necessary and sufficient conditions as well as sufficient conditions for identification with a shadow variable. In particular, if the outcome is binary, the full data law is identifiable with a binary shadow variable. But for a continuous outcome, a binary shadow variable does not impose enough restrictions to identify the full data law; see the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asw016/-/DC1) for a counterexample. Identification for a continuous outcome requires at least one continuous shadow variable, but even then, additional conditions are needed. We consider a location-scale model for the density function: $$\documentclass[12pt]{minimal}
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With models satisfying the corresponding identification conditions, previous authors have developed several non-doubly robust estimators. Among them, inverse probability weighted estimation ([@ASW016C16]) and pseudo-likelihood estimation ([@ASW016C18]) are sensitive to model misspecification, and nonparametric estimation ([@ASW016C2]) requires an unrealistically large sample for reasonable performance when the covariate dimension is moderate to large. In contrast, a doubly robust approach remains consistent and asymptotically normal under partial misspecification. In the 2015 technical report, we developed a doubly robust estimator based on a three-part model for the full data: a model for the joint distribution of the outcome and the shadow variable in complete cases; a model for the propensity score evaluated at a reference value of the outcome; and a log odds ratio model encoding the association of the outcome and the missingness process. Under correct specification of the log odds ratio model, the doubly robust estimator is consistent if either of the other two models is correct, but not necessarily both. However, the construction of a doubly robust estimator is not unique. In this paper, we develop two alternative doubly robust estimators of the outcome mean that enjoy different properties, and we compare them both in theory and via simulations reported in the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asw016/-/DC1).
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Under Assumption 1, we factorize the conditional density function of $\documentclass[12pt]{minimal}
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The extended models not only provide double robustness, but also provide a strategy to check whether the working models are correct. We prove in the Appendix that if the baseline propensity score model is correct, $\documentclass[12pt]{minimal}
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All three doubly robust estimators rely on a correct log odds ratio model, since inference about the law of $\documentclass[12pt]{minimal}
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3.. Relation to previous doubly robust estimators and comparisons {#s3}
=================================================================

Previous doubly robust estimators under missingness at random can be viewed as special cases of our estimators. Under missingness at random, $\documentclass[12pt]{minimal}
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The three proposed doubly robust estimators enjoy some of the properties of their missingness at random analogs. The estimator $\documentclass[12pt]{minimal}
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In simulation studies, we found that the three doubly robust estimators approximate the true outcome mean if either of the baseline models is correct, but they are biased if neither baseline model is correct. For the case with moderately variable weights, the relative magnitude of the bias depends on the specific data generating process, but for the case with highly-variable weights, the Horvitz--Thompson estimator with extended weights has smaller bias. If the baseline outcome model is correct, the parameter of the extended outcome model, $\documentclass[12pt]{minimal}
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4.. Discussion {#s4}
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Extensions of the doubly robust methods described in this work to other functionals, such as a parameter $\documentclass[12pt]{minimal}
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Proof of Theorem 1 {#s7a}
------------------
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